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-1hm ( Weyl )
.

Let 8 be an irrational number
.

Then the sequence

( { no } )E
,

is equi distributed in [0,11
.

Recall that a sequence Cxn)nIe [0,1) is said to be

equidistributed in [0,1) if for any fable [0,1)
,

① him ¥,
# { 1 the N : Xnelaibl } = b-a

.

N→w

Equivalently ,
① can be rewritten as

②
him ¥

É"

✗(a. b) Hnl =
b-a = # Yea

, , ,*d×
N→w n=1

where Xia,%, = {
± if ✗ C- (a. bl
o if ✗ c- [0,1)Yaib )



Extend ✗ (a. b) to be a 1- periodic functions on 112
.

Then Weyl Thin says that
I

③ ¥yz ¥ ÉÉ
,
Xia , b) 481 = f Xia , b) and✗ .

0

In what follows we prove ③ .

Lemz_ .
Let f- be a 1- periodic continuous function

on IR
.

Then

N

④ III.¥ E. f-Cnn = fjtfandx ,
where 8 is an irrational number

.

Pf . We divide the proof into 3 steps .

Step 1 .

We prove ④ if f is of the form

fcx ) = et
> ikx

,kE-#



when k=o
,

then 7=-1 .

Then ④ clearly holds .

When K -1-0
,

* ¥! Fcnro ) = * ¥
'

e
""ikn8

= * ¥
, fei

> ikryh
= tag e-* ikr fl-e.it#Ntg1-p21Tiky

Hence

1¥ É!fcn8 ) / £ µ¥eaipg→0 as N→b

( Notice that e-" in-1-1 since 8 is irrational)
Meanwhile foot fcxidx __ 0
So ④ holds in this case

.

step 2 . Notice that if f , g satisfy ④
,

then so is 2ft pg for all 2 , PEG .

As a consequence ,
④ holds if f is



a trigonometric polynomial of the form

Cn e
2 ☐ inx

•

*= -N

step 3 . ④ holds for all 1- periodic cts functions
on IR .

Let f- be a 1- periodic cts function on IR .

Then V-E >0
, by the Weierstrass approximation Them,

I a trigonometric polynomial

fat = É en e
217in

h= -N

such that

I fcx ) - gas I < s four all ✗ c- IR
.

Now
N

1¥ E-* Fln 81
- So

"-

fcxidx /
⇐ * É?µfcnh - Gantt + So

't

/ fan - gas / dx

+ µ ÉI, Ginn - fit gandx /



N

s 2s -1 1¥ E.µG(nh - foot gcxidx /
E 3s if N is large enough .

This proves ④ . 1¥

pfofweyis-hmqi.e.30holds.ge
Finally , we prove ③ .

i.e. ¥ *,
Xia, b) (H) → fit Xia, b) and×

.

To prove this, for any { so, we construct

two 1- periodic cts function fte. fi
such that

fi £ Kamal £ fit
and

J%eExa.ba/i)dxs2Efo1(Xca.b)Cx1-fjcxi)dxs2E
.



✗

*'" µ ,

→ fi

- fi

Then
N

lim¥É"*, Xia ,bins eking, Tu En, films
µ→w

= fit field ✗

= So
"

Ha , b)Cxldx + ZE

letting {→ o gives

him * É Xia ,b) Cnn £ £
"

Kabi" DX

N→wn=

Similarly
,

N

¥5s * En Kab , Carl >_ ¥1
.

# Éficnr ,
h=
-N

= SE ficxidxzf.%ca.is,d×
- 2[



Hence N

his ¥ E.µ Xca ,b)Cnn I £1 Xcaibjdx
N→ is

a

☒


